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ABSTRACT: We investigate the intra- and intermolecular correlations in semidilute polymer solutions
by large-scale computer simulations and renormalization group calculations. In the framework of the
bond fluctuation model we study polymers with chain lengths up to N ) 2048 monomers and determine
the intermolecular pair correlation function, the coherent scattering intensity, and its distinct part at all
length scales. The simulations are compared quantitatively to renormalization group calculations of the
universal crossover scaling function. Special attention is paid to length scales smaller than the density
screening length ê, where the distinct part of the scattering function in the simulations is found to decay
like q-3-R with R ) 0.7 ( 0.2. Various values of R (0 e R e 1) have been predicted by scaling theories,
RPA and P-RISM theories, and we discuss in detail a short distance type argument leading to R ) 2/ν +
ω12 - 3 ≈ 0.8, where ω12 denotes the ternary correction to scaling exponent. The scaling of the
intermolecular pair correlation function on length scales larger than ê is also investigated.

Introduction
The conformations of long flexible macromolecules in

dilute and semidilute solutions have attracted long-
standing interest.1-4 An isolated self-repelling chain is
swollen; its extension scales like R ∼ Nν with an
exponent ν ≈ 0.588. The Flory exponent ν has been
calculated by renormalization group techniques1,2,4-6

and Monte Carlo simulations.7 Upon increasing the
monomer density F, the chains start to overlap and three
regimes can be distinguished in the monomer pair
correlation function: (a) On a local scale the packing of
the monomers is determined by the detailed structure
of the segments. (b) At intermediate distances, the
probability of finding a monomer of the same chain is
larger than that of a monomer of a different chain, and
the chain statistics is that of a self-avoiding chain. (c)
On larger length scales, the polymers interpenetrate
and the pair correlation function is dominated by
intermolecular contributions. The excluded volume in-
teraction along a chain is screened, and the conforma-
tions on large length scales approximately obey Gauss-
ian statistics. The length scale ê at which the two
behaviors (b) and (c) merge is the density screening
length ê. Beyond the local regime (a) the behavior of
the chains is universal, i.e., independent of the mono-
meric structure. While the concentration and chain
length dependence of single-chain properties have been
explored in much detail, less is known about the spatial
correlations among different molecules. The latter is
important for understanding, e.g., the connectivity of
networks cross-linked in semidilute solutions or the
phase behavior in ternary mixtures of two polymers in
a common solvent.8 Finally, the largest length scale that
matters is the size of the coil that now scales as R ∼
ê1-1/2νN1/2. Weak correlation effects extend up to this
scale in semidilute solutions.

In very concentrated solutions or melts, the screening
length ê is microscopic and the single-chain autocorre-
lations are Gaussian down to the microscopic length

scale b. The intermolecular pair correlation function
ginter(r), which measures the probability of finding a
monomer of a different molecule at a distance r, is
reduced. While the spatial extent of this correlation
hole9 increases with the chain’s radius of gyration Rg,
the number of contacts z ∼ Fginter(b) between monomers
of different chains converges for long chain lengths N
toward a finite value with a 1/xN correction. The
number of intermolecular contacts has attracted abiding
interest, because it is related to the Flory-Huggins
parameter in a binary blend.10

de Gennes11 noted that correlation effects suppress
contacts between different polymers in solutions com-
pared to the melt. In dilute solutions scaling arguments
suggest that the number of intermolecular contacts per
monomer tends to zero in the long chain length limit.
Renormalization group calculations12-14 show that the
number of intermolecular contacts per monomer also
becomes very small in semidilute solutions of long
chains. The number of intermolecular contacts is related
to the effective Flory-Huggins parameter in a ternary
blend of two polymers in a common solvent.15 Ternary
solutions have been investigated by Joanny, Leibler, and
Ball12 and by Schäfer and Kappeler.13 More recently,
the scaling of the number of contacts between two
polymers (i.e., in the dilute limit) has been investi-
gated,16 and a relation between this scaling behavior
and the short range behavior of the intermolecular pair
correlation function in semidilute solutions has been
suggested.17

The arrangement of polymers on length scales smaller
than the density screening length has been studied by
neutron scattering experiments,18,19 analytical theory,19-21

and computer simulations.22 Unfortunately the different
approaches did not yield mutually consistent results.
In our investigation we revisit the problem of correla-
tions on small length scales by Monte Carlo simulations
in the framework of the bond fluctuation model.23 Of
course, by small length scales we here mean lengths

4568 Macromolecules 2000, 33, 4568-4580

10.1021/ma991932u CCC: $19.00 © 2000 American Chemical Society
Published on Web 05/26/2000



much larger than b but still distinctly smaller than ê,
so universal behavior can be expected and a coarse-
grained model is appropriate. Moreover, there are
ongoing efforts to understand the inter- and intramo-
lecular correlations in semidilute solutions both in a
renormalization group framework and on the basis of
the P-RISM theory. The Monte Carlo results might
serve as a well-defined testing bed for these analytical
theories.

Our paper is arranged as follows: In the next section
we briefly summarize a phenomenological extension of
the random phase approximation (RPA)18,20,21 to semi-
dilute solutions. These equations have been recently
derived in the thread limit of the P-RISM theory17 by
treating the intermolecular excluded volume on a
microscopic scale, and a renormalized form of RPA also
emerges as the lowest order approximation of renor-
malized perturbation theory. Then we introduce the
bond fluctuation model and define the quantities which
we extract from the simulation. In the following section
we give a brief account of the salient features of the
renormalization group calculations, and we discuss the
arguments which yield the large momentum behavior
of the interchain correlation. The complicated full
renormalization group results for the correlation func-
tions are deferred to Appendices A and B. In the next
section we discuss our Monte Carlo results on the
properties of isolated chains and semidilute solutions
and present a detailed quantitative comparison between
the simulations and the renormalization group calcula-
tions. The paper closes with a discussion and a brief
outlook.

II. Background
The single-chain properties and their scaling behavior

on different length scales are experimentally accessible
via the single-chain structure factor S(q):

S(q) is N times the customary form factor. The sum i
runs over all N monomers of a polymer, while the index
R ) 1, ..., npoly labels the different polymers. riR denotes
the position of monomer i of polymer R. In semidilute
solutions different length scales correspond to distinct
momentum dependencies:

where Rg denotes the radius of gyration, b is the
characteristic length of the microscopic monomer struc-
ture, and ê denotes the density screening length. In
dilute solutions, ê ∼ Rg and then the third regime in eq
2.2 is absent. ê is microscopic in melts,9 which sup-
presses the second regime in eq 2.2. It needs semidilute
solutions of very long chains in a good solvent to identify
all four regimes. For such systems ê is expected to scale
with the segment density F as ê ∼ F-ν/(3ν-1).

In melts the RPA18,20,21 yields a good description of
the intra- and intermolecular correlations. Within this
framework the coherent scattering intensity

takes the Ornstein-Zernike form:

where v parametrizes the strength of the pairwise
monomeric interactions. While this might be appropri-
ate also in concentrated solutions, it has been realized
that it fails to incorporate the correlations of density
fluctuations in the semidilute regime. Most notably the
expression cannot describe the density dependence of
the osmotic pressure Π ∼ F3ν/(3ν-1), which is related to
G(q) via the compressibility sum rule

Nevertheless, data analysis in the semidilute regime is
typically based on the RPA form (eq 2.4), where the
violation of the sum rule is repaired in an ad hoc fashion
by taking v to be density dependent:

Recently, P-RISM theory17 has been extended to semi-
dilute solutions. This approach incorporates the inter-
molecular excluded volume on a microscopic level; the
screening of the intramolecular interactions on length
scales larger than ê has been neglected. In the thread
limit, the theory is analytically tractable and a density
dependence of the effective interaction according to eq
2.6 has been derived. However, as will be discussed
below, renormalization group calculations for q * 0 are
not compatible with the simple replacement (eq 2.6).

Accepting the general structure of eq 2.4, we note that
the term vF plays an important role for the distinct part
of the scattering function

Inserting the above RPA expression for the collective
scattering function G(q), one obtains

If we employ a density-dependent pairwise interaction
v according to eq 2.6 and use the large q behavior of
the single-chain structure factor, we find a scaling
behavior of the form17

Of course, this expression does not describe the struc-
ture on the microscopic length scale. Therefore, this
scaling behavior should be detectable in the range 2π/b
> q > 2π/ê. Renormalization group results,4 which will
be described in more detail in section IV and in
Appendix A, are in accord with a general RPA-type
expression for G(q), but replace vF by a complicated
function depending also on the momentum. A momen-
tum dependence of vF was foreseen already by Flory and

S(q) )
1

Nnpoly
∑
R)1

npoly

〈|∑
i)1

N

exp(iqriR)|2〉 (2.1)

S(q) ∼ {nonuniversal q > 2π/b
q-1/ν 2π/b . q . 2π/ê

q-2 2π/ê . q . 2π/Rg

N(1 - q2Rg
2/3) 2π/Rg . q > 0

(2.2)

G(q) )
1

Nnpoly
∑
R,â

∑
i,j)1

N

〈exp(iq[riR - rjâ])〉 (2.3)

G(q) )
S(q)

1 + vFS(q)
or 1

G(q)
) 1

S(q)
+ vF (2.4)

kBT

G(qf0)
) ∂Π

∂F
(2.5)

v ∼ F[1/(3ν-1)]-1 (2.6)

H(q) )
1

Nnpoly
∑
R*â

∑
i,j)1

N

〈exp(iq[riR - rjâ])〉 ) G(q) - S(q)

(2.7)

H(q) ) -
vFS2(q)

1 + vFS(q)
(2.8)

H(q) ∼ -(Fê3)(êq)-2/ν ∼ (êq)-3.40 (2.9)
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Bueche24 and is also compatible with experiments and
computer simulations.22 It reflects correlations among
different chains, which are built up in the range ê. Such
correlations are ignored in the simple mean field
derivation of the standard RPA. Using the field theo-
retical short distance expansion, Jannink et al.19 have
derived the renormalization group prediction

where ω ≈ 0.80 (d ) 3) is the standard correction to
scaling exponent. As has been pointed out in ref 4,
section 19.4, however, one might suspect that the
subleading term should be replaced by (êq)2/ν-ω12, where
ω12 ≈ 0.40 (d ) 3)14 is the correction to scaling expo-
nent in a ternary polymer solution. It, for instance,
governs the scaling of the number of contacts σ2 of two
mutually interpenetrating chains, σ2 ∼ N-νω12, as well
as the scaling of the ternary Flory-Huggins parameter
ø in a semidilute solution, ø ∼ F(1+νω12)/(3ν+1). Indeed, in
recent work17 the form

has been suggested. We discuss the argument leading
to eq 2.11 and its relation to field theoretic work in more
detail in section IV and Appendix B.

A power-law dependence on momentum corresponds
to a characteristic power law in the spatial dependence
of the corresponding pair correlation function. The
intermolecular pair correlation function

is related to the distinct part of the coherent scattering
function H(q) via

Since the accessible momentum range on which the
characteristics of the intermolecular arrangement in
semidilute solutions dominate is rather small, it is also
worth exploring the spatial dependence of the pair
correlation functions. Equations 2.9 or 2.11 yields the
small distance behavior ginter(r) ∼ r3-2/ν or ginter(r) ∼
r3-2/ν-ω12, respectively, while eq 2.10 suggests a loga-
rithmic behavior, ginter(r) ∼ ln r.

The distinct part of the scattering intensity is not
easily accessible, and there are only a few experimental
studies. In experiments both the single-chain structure
factor and the coherent structure factor have to be
measured in absolute units. Their difference results in
H(q), which is much smaller than the individual con-
tributions in the q regime of interest. Moreover, a clear
separation of length scales is also not always obtained
in experiments, and the effects of polydispersity have
to be taken into account. Ullman et al.18 found fair
agreement between the scattering data for polystyrene
in toluene and the RPA expressions. They did find
evidence for a concentration dependence of the mono-
meric interaction v. Moreover, the authors note that v
also exhibits a small q dependence. Experiments by
Jannink and co-workers19 found deviations from the

RPA compatible with a dependence of the form H(q) ∼
q-3. However, under the experimental conditions the
screening length exceeded the statistical segment length
only by a factor of 2.5. The intermolecular arrangement
in polymer solutions also determines the miscibility
behavior of two polymers in a common solvent. The
Flory-Huggins parameter ø scales in the same way as
the contact value of the intermolecular pair correlation
function. Experiments8 do find evidence for a renormal-
ization of the Flory-Huggins parameter by a factor of
F(1+νω12)/(3ν-1) as predicted by Joanny, Leibler, and Ball12

and by Schäfer and Kappeler.13,14

Investigations of the intermolecular arrangement in
semidilute solutions via Monte Carlo simulations are
rare. A Monte Carlo simulation by Sariban and Binder25

investigated the scaling of the critical temperature in a
ternary solution with density and chain length for short
chain length N e 64. The data are compatible with the
predicted renormalization of the Flory-Huggins pa-
rameter. A recent Monte Carlo simulation by Yamakov
et al.22 investigated the spatial dependence of the
intermolecular arrangement for chain length N e 256.
Though the study found deviations from the RPA
prediction, e.g., a momentum dependence of the effective
interaction parameter v, they could not confirm the
prediction of Jannink et al.19 Straightforward fitting of
the raw data for the distinct part of the structure factor
yields a dependence of the form H(q) ≈ q-3.67 not far
from the prediction of eq 2.11 quoted above. However,
it is not clear whether the appropriate regime of
intermediate length scales has been truly reached. In
any case, the conclusion about the previous work is that
the problem seems unresolved, and different approaches
yielded contradictory results.

III. Model and Monte Carlo Technique

Monte Carlo (MC) simulations might contribute to the
investigation of the controversial predictions, because
the distinct part of the coherent scattering function is
directly accessible. However, to observe the predicted
power-law behavior of the semidilute regime, the condi-
tions b , ê , Rg must be met to achieve a separation
of length scales. Ideally, the microscopic length scale
and the radius of gyration should differ by at least 2
orders of magnitude, and hence, one needs chain lengths
on the order of 103-104. The generation of independent
configurations of multichain systems of such long chains
poses computational difficulties. A recent study of
Yamakov et al.22 addressed the questions by MC simu-
lations of an off-lattice model with local updates of the
chain conformations. However, their study was re-
stricted to chain lengths N e 256 monomers, which
prevented full compliance with the above double in-
equality.

Lattice models have proven useful in understanding
the universal properties of polymeric systems. In the
present work we use the bond-fluctuation model.23 In
the framework of this model a single monomer occupies
all eight corners of a single cubic lattice, preventing
these sites from further occupancy. Monomers along a
polymer are connected via one of 108 bond vectors of
lengths 2, x5, x6, 3, and x10. All lengths are measured
in units of the lattice constant. The bonding vectors are
chosen such that bonds do not cross each other during
the local hopping of monomers. This model combines
the computational efficiency of lattice models with a
rather faithful representation of continuous space prop-

H(q) ∼ const(êq)-d + const (êq)-2/ν-ω

1/b . q . 1/ê (2.10)

∼ const(êq)-3 + const(êq)-4.20 for d ) 3

H(q) ∼ (êq)-2/ν-ω12 ≈ (êq)-3.80 (2.11)

Fginter(r) )
1

Nnpoly
∑
R*â

∑
i,j)1

N

〈δ(riR - rjâ - r)〉 (2.12)

Fginter(r) ) ∫d3q exp(-iqr) H(q) (2.13)
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erties. Using a local hopping algorithm, Paul et al.26

explored the static and dynamic single-chain properties
from the isolated chain up to meltlike densities. How-
ever, only chains with lengths up to N ) 200 monomers
have been considered. The osmotic pressure as a func-
tion of density and chain length27 and the intermolecu-
lar pair correlation function at meltlike densities28 have
also been studied for this model.

In the present work we employ a slithering snake
algorithm28,29 to update the chain conformations on the
lattice. A monomer is added to a randomly chosen chain
end, and the monomer at the opposite end of the
polymer is removed. Each accepted move displaces the
center of mass of a chain by an amount on the order of
Nν/N. Hence, this algorithm relaxes the large-scale
conformations of the polymers a factor N2ν faster than
a local update of individual monomer positions. This
permits us to study chains up to N ) 2048 monomers
at semidilute densities. In principle, more sophisticated
algorithms could be envisaged (e.g., pivot,30 configura-
tional bias,31 or recoil growth32). However, their ef-
ficiency depends rather sensitively on density and chain
length.

The two systems simulated consist of npoly ) 100
polymers of length N ) 2048 in a cubic simulation cell
of sizes L ) 256 and L ) 400. This corresponds to
monomer number densities F ) 0.0122 and 0.0032.
Every 500 000 slithering snake attempts per chain a
configuration was stored for further analysis. The
acceptance ratio of the moves at this density is 0.676
for L ) 256 and 0.772 for L ) 400. We generated 836
and 2550 configurations for the L ) 256 and the L )
400 box sizes, respectively. The system size is limited
by the computer memory; the largest grid requires about
500 MB of memory. In addition, we have performed
single-chain simulations to investigate the intramolecu-
lar correlations (in dilute solutions) and to determine
from which length scale onward the asymptotic behavior
of self-avoiding chains is observed. For N e 1024 we
used L ) 256, while for N ) 2048 and 4096 we have
employed L ) 400. For N ) 4096 systematic deviations
from the behavior of an isolated chain have to be
expected, because the chain extension is comparable to
the system size L.

IV. Renormalization Group Theory
Both the intramolecular and the total structure

factors can be calculated by renormalized perturbation
theory, and the results of a first-order (“one-loop”)
calculation covering all the crossover from dilute to
semidilute systems also outside the asymptotic excluded
volume limit are available.4 The detailed expressions
are complicated and are collected in Appendix A. Here,
we only sketch some basic features of the theory.

The renormalized theory is a sophisticated version of
the standard two-parameter theory,33 constructed such
that the limit of long chains N f ∞ can be taken. The
two parameters are contained in the basic variables

where z̃ replaces the interaction parameter z of the
naive two-parameter theory and R̃0

2 is the radius of
gyration of a fictitious noninteracting chain. (Note that
in all this discussion we restrict ourselves to the physical
dimension d ) 3. For general d, z̃ takes the form z̃ )
ṽN2-d/2.) The two parameters ṽ and l̃ depend on the

microstructure of the chain and on the temperature, but
they are independent of chain length and concentration.
The concentration is measured in terms of an overlap
variable

where cp ) F/N is the number density of chains.
In the renormalization group (RG) theory one proves

that the physical observables obey “nonlinear scaling
laws”. An important example is the law for the radius
of gyration in a solution of finite concentration

The “scaling function” R̃g in the dilute limit s̃ ) 0
reduces to the theoretical swelling factor

The single-chain structure factor and the coherent
scattering intensity obey the scaling laws

In principle, all the scaling functions also depend on
the chain length distribution in the solution, a depen-
dence suppressed here since we only are concerned with
monodisperse systems. The scaling functions are uni-
versal, and the scaling laws are strictly valid in the limit
N f ∞, F ) cpN f 0, and q2l̃2 f 0. The scaling variables
z̃, s̃, and q2R̃0

2 may take any value; however 0 e z̃, s̃,
q2R̃0

2 < ∞.
The scaling functions can be calculated perturbatively

within the framework of the loop expansion. This
expansion proceeds in powers of a “renormalized cou-
pling” u, which in some sense measures the interaction
among whole strands of the chains. It is a “running”
coupling, which means that it depends on the length
scale lR considered. For lR f ∞ it reaches a fixed point
u*. This is known as the “excluded volume limit”, where
the nonlinear scaling laws reduce to power-law scaling
as employed in section II. More specifically, the param-
eter z̃ tends to infinity and scaling functions like Ja,c
reduce to functions of only two variables:

Here Rg
2(0) is the radius of gyration of an isolated chain,

and s is the “geometrical overlap” defined as

Similarly, the scaling law (eq 4.3) reduces to Rg
2 )

Rg
2(0) R*(s).
Turning again to the general situation where u may

differ from u*, we note that the length scale lR in the
evaluation of the theory has to be chosen to be on the
order of the smallest macroscopic length of interest. This
imposes a crossover condition of the form

z̃ ) ṽxN and R̃0
2 ) l̃2N (4.1)

s̃ ) cpR̃0
3 (4.2)

Rg
2 ) R̃0

2R̃g(s̃,z̃) (4.3)

Rg
2/R̃0

2|s̃)0 ) R̃g(0,z̃) ) R̃g
2(z̃) (4.4)

(1/N)S(q) ) Ja(q
2R̃0

2,s̃,z̃)

(1/N)G(q) ) Jc(q
2R̃0

2,s̃,z̃) (4.5)

(1/N)S(q) ) Ja*(q2Rg
2(0),s) (4.6)

(1/N)G(q) ) Jc*(q2Rg
2(0),s) (4.7)

s ) cpRg
3(0) (4.8)

lR
-2 ∼ q2 + const/êd

2 (4.9)
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where

is the density correlation length in the system.34 This
condition incorporates the ideas of the concentration
blob model9 and screening into the theory: For q2 ,
êd

-2 the system is represented as a solution of weakly
interacting blobs of size êd, lR ∼ êd. For q2 . êd

-2 we
are looking deep inside a blob, and the scale is set by lR
≈ 1/q. As a result the running coupling becomes a
function of the scaling variables.

For further explanations of the renormalized theory we
refer to the literature.4 The explicit form of the RG
mapping used here is given in Appendix A.

We now turn to the perturbative calculation of the
scaling functions. The lowest order (“zero-loop”) ap-
proximation yields the renormalized form of RPA. In
the excluded volume limit u f u*, i.e., f f 1, it reduces
to the expressions of section II, except that the coupling
v must be replaced by a quantity depending on both
q2Rg

2(0) and the geometrical overlap variable s.
The one-loop correction for the scaling functions Ja

and Jc (cf. eqs 4.5) shows an interesting new effect. For
semidilute systems the small q expansion develops a
term of the type (q2êd

2)3/2. For example, the intramo-
lecular structure factor at the fixed point u ) u* takes
the form

where a1 and a2 are universal positive numbers. This
implies that Ja

-1 as a function of q2êd
2 develops a

singular curvature for q2êd
2 f 0, a result also found for

Jc. If the concentration blobs did not interact and
constituted an ideal gas, such deviations from the
Kratky plateau would be absent. Therefore, these devia-
tions signal the residual interaction among the concen-
tration blobs, which generally is ignored in qualitative
considerations based on the blob model. The theory thus
predicts that the “plateau” in the Kratky plot q2S(q)
versus q shows definite structure.

The occurrence in appropriate limits of such singular
contributions is not a feature specific to polymer solu-
tions. Viewing the excluded volume problem in the
larger context of critical phenomena, one finds that the
singularity found here is the analogy of a Goldstone
singularity,35 which should show up in magnetic sys-
tems close to the magnetization curve, provided we are
not in the Ising universality class.36 Due to severe
experimental difficulties such singularities do not seem
to have been observed up to now.

In Appendix A we give the explicit expressions for the
scaling functions to one loop order in all the crossover
regime, i.e., also outside the excluded volume limit. The
expressions involve some complicated integrals which
have to be evaluated numerically. A parametrization of
the numerical results in three dimensions can be found
in ref 4.

To close this theoretical section, we present the
argument leading to the prediction of eq 2.11, or to
ginter(r) ∼ r3-2/ν-ω12, equivalently. Such power laws are
strictly valid only in the excluded volume limit where

the scaling laws in eqs 4.6 and 4.7 hold. From eq 2.13
we then immediately find the scaling law

We now invoke the result16 for the number of interchain
contacts in a two-chain system

Here it is understood that the two chains occupy the
same volume of size ∼Rg

3. Furthermore, if we take into
account the finite segment size, the δ function in eq 4.14
should be interpreted to mean that the two segments
ri1 and rj2 approach each other at a distance on the order
of b. Comparing eqs 2.12 and 4.14, we find that σ2 can
be expressed in terms of ginter for r ≈ b. Working in the
dilute limit, we clearly have to take s ) cpRg

3 ) 0, but
due to the constraint that the chains occupy the same
volume the factor of F in eq 2.12 has to be interpreted
as the average segment density in a polymer coil: F ≈
N/Rg

3. We then find

Now assuming the power law

and furthermore assuming that this law holds down to
scales on the order of b/Rg, we find from eqs 4.14, 4.15,
and 4.16

which is the desired result, established in the dilute
limit. To argue for this result for all overlap, we note
that for r , êd we test correlations among two chains
deep inside a blob. The other chains are at a distance
on the order of êd and should not influence the local two-
chain correlations, just as they do not influence the local
correlations within a single chain. The overlap should
show up only in the prefactors of the power law rR.
Indeed, in the semidilute limit even the prefactor can
be determined. Here ginter for r , êd should depend on
chain length and overlap only via the segment density
F. With s ) cpRg

3 ≈ FN3ν-1 this yields

equivalent to the simple prediction17

This result differs from the prediction (eq 2.10) of
Jannink et al.19 and in Appendix B we give a short
discussion to clarify the issue.

We finally note that a law similar to eq 4.14 holds
for the number of contacts σco among the two halves of
the same chain16

The constant contribution A is due to contacts of
segments close to the center of the chain. Segments

êd
2 ) -(1/2)∆qf0 ln G(q) (4.10)

u/u* ) f ) f(s̃,z̃,q2R̃0
2) (4.11)

s-1/(3ν-1)Ja
-1(q) ) a1q

2êd
2 + a2(q

2êd
2)3/2 + O(q4êd

4)
for s f ∞ (4.12)

ginter(r) ) g* inter(r/Rg(0),s) (4.13)

σ2 ) ∑
i,j)1

N

〈δ(ri1 - rj2)〉 ∼ N-νω12 (4.14)

σ2 ∼ (N2/Rg
3)g* inter(b/Rg,0) (4.15)

g* inter(x,0) ∼ xR for x , 1 (4.16)

N-νω12 ∼ N2-3ν(b/bNν)R or R ) 2/ν - 3 + ω12 (4.17)

g* inter(r/Rg,1) ∼ (r/Rg)
R(FN3ν-1)Rν/(3ν-1) ∼ FνR/(3ν-1)rR

(4.18)

ginter(r/Rg,sf∞) ∼ (r/ê)R r/ê , 1 (4.19)

σco ≈ A + BN-νω12 (4.20)
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spaced far along the chain yield the correction term
BN-νω12, which shows the same power law as σ2. We
have tested this prediction in our simulations, as will
be discussed below.

V. Comparison between MC Results and RG
Calculations

A. Isolated Chains. We now turn to the comparison
among RG theory and MC data. In Figure 1 and Table
1 we present the scaling of the chain dimensions with
the chain length in the range N ) 16, ..., 2048.38 Within
the statistical accuracy on the order of 2% the data for
N g 256 comply with the scaling behavior R ∼ (N - 1)ν

with ν ) 0.588. Also the ratio 〈Rg
2〉/〈Re

2〉 reaches the
value 0.16 as expected for a self-avoiding chain.7 For
the detailed comparison we first have to determine the
two nonuniversal parameters l̃ and z̃ in the RG calcula-
tions. This is carried through by analyzing the data for
the radii of gyration of isolated chains. A first glance at
the inset shows that Rg

2(s)0) reaches the asymptotic
power law Rg

2 ≈ N2ν from below. For finite chain
lengths, the radius of gyration grows faster upon
increasing the chain length than expected in the as-
ymptotic excluded volume limit. This implies that the
data are on the strong coupling branch of the RG flow:
u/u* ) f > 1. The simulation data are compatible with
〈Rg

2〉/(N - 1)2ν ≈ 0.16〈Re
2〉/(N - 1)2ν ≈ 1.47 - 0.61N-νω,

where ω ) 0.8 denotes the single-chain correction to the
scaling exponent. We then fit the data for N g 256 to

the theoretical swelling factor39 (cf. the main panel of
Figure 1)

which yields ṽ ) 1.3 and l̃2 ) 1.58. As is typical for such
fits, the combination l̃2ṽ4ν-2, which is the only parameter
occurring in the excluded volume limit u ) u*, is
determined with high precision: l̃2ṽ4ν-2 ) 1.73(4). ṽ (or
equivalently l̃) is determined by the deviations from the
asymptotic limit and can be estimated only with much
lower accuracy. Changes on the order of 10-20% in ṽ
give equally good fits. Once ṽ and l̃ are given, the RG
theory predicts definite results for all observables.

We should note that a one-loop calculations as un-
derlying eqs 5.1 is known to overestimate the ratio Rg

2/
Re

2 by about 3%. Thus, not both Re
2 and Rg

2 can
consistently be fitted with the same precision. Being
interested in the density correlations, we chose to
extract the parameters from a fit of Rg

2.
To investigate the structure on different length scales

in more detail, we present the scaling of the single-chain
structure factor in Figure 2. The solid lines correspond
to the MC data, while the dashed lines present the
results of the RG calculations. The plateau in the
q1/νS(q) versus q indicates that intramolecular correla-
tions for momenta smaller than 0.2 are well describable
by the exponent ν ) 0.588. In the range 0.2 < q < 0.9
the correlations are compatible with a slightly larger
effective exponent (ν ≈ 0.61). The RG results are in
reasonable agreement with the MC data except for large
momenta, where the microscopic properties of the bond
fluctuation model dominate.

As mentioned above according to RG theory, the
number of contacts among the two halves of an isolated
chain in the excluded volume limit behaves like σco ) A
+ BN-νω12, where the exponent ω12 ≈ 0.40 has been
calculated by third-order ε expansion, improved by Borel
resummation.14 In the MC simulations we define that
two monomers are in contact if their distance is smaller
than x6. Figure 3 displays the results of the simulation.
The data are compatible with a behavior of the form of
eq 4.20 with ω12 ) 0.4. Fitting a power law to the

Figure 1. Swelling ratios of isolated chains (F < 0.02F*).
Circles denote the squared end-to-end distance Re

2 ) 〈Re
2〉/

[6l̃2(N - 1)], and squares correspond to the radius of gyration
Rg

2 ) 〈Rg
2〉/l̃2(N - 1). The solid line corresponds to the field

theoretical result of ref 39 for Re, and the dashed line shows
the prediction of the same approach for Rg with l2 ) 1.58 and
ṽ ) 1.3. The inset shows only first-order corrections according
to R2 ∼ (N - 1)ν(1 - (const)N-νω), where we have used 〈Rg

2〉/
〈Re

2〉 ) 0.16 according to ref 7.

Table 1. Single-Chain Properties in the MC Simulations

N Rg,MC
2 Re,MC

2 N Rg,MC
2 Re,MC

2

16 194 31.1 256 6028 960
32 471 74.2 512 13756 2186
64 1117 175.6 1024 31915 4960

128 2595 409 2048 70801 11317

Table 2. Parameters of the Semidilute Systems
Considered in the MC Simulations and the RG

Calculations

N F s Rg,RG
2 (s) Rg,MC

2 z̃

2048 0.0032 0.287 7004 7814 58.8
2048 0.0122 1.097 5049 5715 58.8
256 0.0125 0.395 574.2 674 20.76
128 0.0125 0.278 271.6 319 14.65
64 0.0125 0.194 125.6 148 10.3

Figure 2. Scaling of the single-chain structure factor S(q)
for isolated chains N ) 256, ..., 2048. The plateau corresponds
to the Flory exponent ν ) 0.588. Solid lines denote the MC
data, while dashed lines correspond to the RG calculations.

Re
2 ≡ 〈Re

2〉

6l2(N - 1)
) 0.851z̃2(2ν-1)(1 - 0.53z̃-2νω -

0.2247z̃-1-2νω) with z̃ ) ṽxN

Rg
2 ≡ 〈Rg

2〉

l2(N - 1)
) 0.843z̃2(2ν-1)(1 - 0.54z̃-2νω -

0.2376z̃-1-2νω) (5.1)
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difference of the number of contacts σco(2N) - σco(N),
we find a slightly smaller exponent, ω12 ) 0.36. We are
not aware of any previous work trying to estimate this
exponent from MC simulations. The deviations between
the MC result and the RG calculations are not unex-
pected; rather large corrections to the scaling behavior
for these small chain lengths have to be anticipated.
Moreover, the value of σco for N ) 4096 is likely to be
too large, because of the finite system size. Finally we
should note that also the theoretical estimate of ω12
could be changed by small higher order corrections.

B. Single-Chain Properties in Semidilute Solu-
tions. The single-chain structure factor in semidilute
solutions is presented in the Kratky form in Figure 4a.
The radius of gyration is 88.4 and 75.6 for L ) 400 and
256, respectively. Hence, the ratio between the density
and its crossover value to the dilute regime F/F* ≡ 3NF/
4πRg

3 is 4.5 for L ) 400 and 11 for L ) 256. A plateau
in q2S(q) indicates the screening of the excluded volume
interaction and Gaussian intramolecular correlations.
The plateau values expected from the Debye approxi-
mation are 2N/Rg

2 ) 0.52 and 0.72, respectively.
Such a plateau is clearly detectable for the smaller

system size (or higher density) in the range 0.04 < q <
0.31; however, there is some additional structure in the
plateau (which we shall discuss in detail below). The
dashed line q2S(q) ∼ q2-1/ν represents the statistics of a
self-avoiding chain. From the intersection of that line
with the Kratky plateau (for which we use the effective
value 0.64), we extract the screening length ê(L)256)
) 20.3. For q > qb ) 0.9 deviations from the self-
avoiding scaling behavior become important; this marks
the microscopic length scale. It corresponds to a distance
b ) 7 which exceeds the bond length of our model by a
factor of 2.7. For L ) 256 the screening length exceeds
the microscopic length scale by about a factor of 2.9.
Increasing the density further, we would decrease the
screening length and enter the regime of concentrated
solutions.

For the larger system size the plateau in the Kratky
plot is not well developed. If we estimate the plateau
value to 0.48, we obtain ê(L)400) ) 53 for the screening
length. Since the radius of gyration Rg exceeds the
screening length ê only by a factor of 1.7, no pronounced
plateau in q2S(q) can be expected. For larger momenta
(q > 0.2) the data are described by the same self-
avoiding chain asymptote as the chains in the smaller
system. Of course, this is expected, because on length
scales smaller than the screening length, intramolecular
excluded volume interactions dominate. Decreasing the

density further, we would increase the screening length
and enter into the dilute regime. Hence, the two systems
studied mark the regime of semidilute solutions for
chain length N ) 2048. The RG results are also shown
in the figure. In qualitative agreement with the MC
simulations we observe some structure in the region of
the Kratky plateau, and 2N/Rg

2 overestimates the
plateau value.

To investigate the intramolecular correlations in more
detail, we plot the ratio ND(q2Rg

2)/S(q) in Figure 4b,c,
where

is the Debye function. In these plots we consistently
used Rg(s) as calculated from the RG theory for the given
overlap of the systems. Panel b corresponds to chains
of length N ) 2048, and we vary the density, and part
c shows the corresponding plots for systems of density
F ) 0.0125 and chain lengths N ) 64, 128, and 256. The
relevant values of z̃ and of Rg

2(s) and (4π/3)πs ) cp(4/
3)πRg

3(s)0) are given in Table 1.
Both plots concentrate on the deviations from the

Debye approximation, which are due to two sources:
Our crossover condition for lR incorporates the correct
large-momentum behavior of the single-chain structure
factor S. Specifically in the excluded volume limit S(q)
∼ q-1/ν, q f ∞, so that ND(q2Rg

2)/S(q) decreases like
q1/ν-2 ≈ q-0.299. This effect is incorporated already in the
zero-loop approximation of our theory. In the small-
momentum region the deviations from the Debye func-
tion, however, are due to the one-loop corrections. The
most important feature of these figures is the pro-
nounced hump visible in ND/S due to the Goldstone
singularity. This magnifies the structure seen in the
plateau in the Kratky plot. The structure revealed by
the MC simulations is even more pronounced than
predicted by the one-loop theory, but qualitatively the
shape of the simulational and the theoretical curves is
most similar. The agreement between RG theory and
MC data is not quantitative, however, and we will
comment on possible sources of the discrepancy in the
discussion.

Another comparison between the Gaussian structure
on large length scales and the self-avoiding chain
statistics is presented in Figure 4d for chain length N
) 2048. In the limit q f 0 the Debye function40 and the
structure factor agree if we use a Gaussian chain of
equivalent number of monomers and radius of gyration.
For qê > 1 the Debye function decays such as q-2, while
the single-chain structure factor decreases like q-1/ν.
Therefore, the Debye function underestimates S(q) for
large wave vectors. Since ∫d3q S(q) is normalized, the
Debye function has to overestimate S(q) for smaller
wave vectors qê < 1 in qualitative agreement with the
data in Figure 4d.

C. Intermolecular Correlations: Structure Fac-
tor and Pair Correlation Function. We next consider
the interchain correlations. The single-chain properties
show that the momentum regime 2π/ê < q < 0.9
characterizes the length scale between the microscopic
structure and the screening length. The lower bound
depends on F and takes the value 0.1 for L ) 400 and
0.3 for L ) 256 and N ) 2048. Inside this “blob” 9 the
probability of finding a monomer of the same chain is
much higher than that of finding a monomer of a
different chain. This intermolecular packing inside the
blob is investigated in this section.

Figure 3. Scaling of the number of contacts between the
different halves of a single chain. The MC data are compatible
with the correction to scaling exponent ω12 ) 0.4. The inset
shows a fit to the difference σco(2N) - σco(N) versus N and
yields ω12 ) 0.36.

D(x) ) (2/x2)[exp(-x) - 1 + x] (5.2)
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The structure factors of the system sizes L ) 400 and
L ) 256 and chain length N ) 2048 are presented in
Figure 5a,b, respectively. In this Kratky form the
plateau in S(q) at small q values marks the Gaussian
correlations on length scales larger than the screening
length. The coherent structure factor G(q) approaches
the single-chain structure factor with increasing q, and
the differencesthe distinct part H(q)sdecreases rapidly.
The decrease appears to be faster than the prediction
of Jannink et al.,19 H(q) ∼ q-3, but slower than the RPA
prediction for Gaussian chains, H(q) ∼ q-4. The RPA-
like scaling of the distinct part H(q) is presented in part
c. For qê > 10 the data are compatible with H(q) ∼ q-3-R

with R ) 0.4, ..., 1. Using the RPA-like form of the
structure factor, we can estimate an effective interaction
parameter v. As suggested by scaling arguments and
P-RISM calculations the effective interaction depends
on the density. In panel d, we plot

versus qê and we obtain a fair data collapse for the two
densities. According to the unrenormalized RPA this
difference would be a constant, proportional to the
segment density to the power 1 - 1/(3ν - 1) ) -0.31.
Renormalization of the RPA changes the density de-
pendence vF f u*F1/(3ν-1) in the excluded volume limit,
and this motivates the scaling in the figure. Renormal-
ization also introduces some weak momentum depen-
dence of the effective coupling: on the strong coupling

branch f ) u/u* > 1 increases weakly with decreasing
lR, i.e., increasing q. The result of renormalized RPA is
shown by the broken lines in Figure 5d. The one-loop
correction inverts this trend and leads to a stronger
decrease, in full accord with the MC data. This momen-
tum dependence of v indicates the failure of the renor-
malized RPA18,20,21 and P-RISM17 theories to capture
correctly the intermolecular correlations. A decrease of
the effective interaction parameter with q was also
found in the simulations of Yamakov et al.;22 however,
the data also showed a q dependence for small q vectors.
This is not found in the momentum range which we
have investigated and might be caused by insufficient
relaxation of long-range density fluctuations in ref 22.

The real-space analogy of the distinct part of the
intermolecular scattering function is shown in Figure
6a for the two densities and chain length N ) 2048. In
the RG calculations we obtain the intermolecular cor-
relations in r space via a numerical Fourier transform
of H(q) ) G(q) - S(q). To roughly take into account the
lattice used in the MC simulations, we cut off the q
integration at q2 ) 3πâ2, where â ) 6/π is determined
by comparing the radius of a sphere to the length of
the edge of a cube of the same volume. At the cutoff,
H(q)/N is very small: H(q)/N ≈ 10-4. Again we find
good quantitative agreement in the entire range of
distances r.

One notes immediately that the contact value of the
intermolecular pair correlation function ginter(r) is very
small. On the scale b < r < ê the distinct part of the
scattering function decays like (qê)-3-R, and this corre-

Figure 4. Single-chain structure factor in a semidilute solution. (a) Kratky plot for chain length N ) 2048 and linear extension
of the simulation box L ) 400 and L ) 256. The arrows on the q axis mark the microscopic length scale b ) 7, and the screening
lengths ê ) 53 and 20.3 for the monomer number densities F ) 0.0122 and 0.0032, respectively. Open symbols refer to the MC
data; lines with filled symbols denote the results of the RG calculations. (b) Ratio of the Debye function using the RG prediction
for the chain extension and the single-chain structure factor in the MC simulations and RG calculations at fixed chain length N
) 2048 and F ) 0.0122 and 0.0032. Symbols as in (a). (c) Ratio of the Debye function using the RG prediction for the chain
extension and the single-chain structure factor in the MC simulations and RG calculations at fixed monomer density F ) 0.0125
and chain lengths N ) 64, 128, and 256. Symbols denote the MC results, while lines correspond to the RG calculations. (d)
Inverse structure factor for N ) 2048 and F ) 0.0122 and 0.0032. Symbols as in (a).

( 1
G(q)

- 1
S(q))F-1/(3ν-1) (5.3)
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sponds to ginter(r) ∼ (r/ê)R. On large length scales (r >
ê) the pair correlation function ginter is dominated by the
radius of gyration. On this length scale the behavior is
similar to that in a melt. The total density is constant;
the density distribution of the monomers along a chain
is exactly balanced by the correlation hole in the
intermolecular pair correlation function.10,17 This sug-
gests that the large length scale behavior of the inter-
molecular pair correlation function is given by

For r ≈ ê there is a smooth crossover to the power-law
behavior on smaller distances. The 1/r dependence
matches the 1/q2 decay of the single-chain structure
factor on the scale ê < r < Rg. Moreover, the decay on
large length scales ∫dr3 F(ginter - 1) ∼ FêRg

2 ∼ N ensures
that the correlation hole contains N monomers. These
two scaling behaviors are tested in Figure 6b on the
large length scale and Figure 6c on short distances. In
view of the rather large uncertainty in the screening
length for the larger system (L ) 400) and corrections
to scaling due to the finite ratios b/ê and ê/Rg the data
collapse is good. The correlation hole at small distances
r is not quite as strong in the MC simulations as
predicted by the RG theory. This partly may be due to
lattice effects. In the plots the lattice constant is on the
order of 1/Rg ≈ 0.015 or 1/ê ≈ 0.03, respectively.

The small distance data also represent a sensitive test
of the expected power-law behavior. A doubly logarith-
mic plot of ginter is presented in Figure 6d. Due to a finite
microscopic length scale we anticipate a shift in the

abscissa by two lattice constants. This corresponds to
the monomer extension and results in a rather extended
power-law behavior on small distance. A power law fit
to the small r scaling yields the exponent R ≈ 0.73. Due
to the shift of the origin and the finite ratio b/ê, the
uncertainty in the exponent R is rather large and the
data are compatible with the exponent 0.4 < R < 1.
However, a logarithmic increase (R ) 0) of ginter(r) as
predicted by Jannink et al.19 appears to be incompatible
with our simulation data. The renormalized RPA/P-
RISM yields the exponent R ) 2/ν - 3, which gives 0.4
for ν ) 0.588 and 1 for Gaussian chains. Numerically,
both values are compatible with our simulation data
within the rather large error for the exponent R.
However, the MC data lend stronger support to the
value R ) 2/ν - ω12 - 3 ) 0.80. This observation is also
compatible with the decay of the distinct part of the
structure factor observed in the previous simulations
by Yamakov et al.22

VI. Discussion and Outlook
We have investigated intra- and interchain correla-

tions in semidilute polymer solutions via MC simula-
tions of rather long chains, N ) 2048, in the bond
fluctuation model and RG calculations. The two param-
eters z̃ and l̃ of the RG calculations were identified via
the chain length dependence of the chain extension in
the dilute regime. This allows for a comparison between
the RG calculations and the MC simulations for the
correlation functions without adjustable parameters. On
the length scale between the screening length ê and the
microscopic length b the scaling of the intermolecular
correlations is dominated by the screening length ê, and

Figure 5. Intra- and intermolecular structure factors for chain length N ) 2048 and (a) L ) 400 and (b) L ) 256. Circles denote
the single-chain structure factor S(q), squares refer to the coherent structure factor G(q), and diamonds represent the distinct
part H(q). Open symbols show the MC results, while lines with filled symbols display the results of the RG calculations. The
straight lines without symbols with slopes -1 and -2 correspond to H ∼ q-3 and H ∼ q-4, respectively. (c) Scaling of the distinct
part of the structure factor. Circles refer to L ) 400, and squares show the results for L ) 256. Open symbols represent the MC
simulations, while filled symbols display the RG results. For qê > 8 the data are well describable by a decay with a power of 3.8.
(d) Scaling and momentum dependence of the effective interaction parameter v. Symbols as in (c). The lines with positive slope
correspond to the renormalized RPA results.

ginter(r) ) 1 - ê
r
f( r

Rg
) for r . ê (5.4)
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the intramolecular correlations are that of a self-
avoiding walk. Both MC simulations and RG calcula-
tions show deviations from the plateau in the Kratky
plot q2S(q) versus q. To our knowledge this is the first
observation in the realm of critical phenomena of a
structure which must be traced back to a Goldstone-
type singularity.36 These deviations from the plateau
in the Kratky plot indicate deviations from the Gaussian
behavior on intermediate length scales. In semidilute
solutions of linear chains they are due to small (not
dominant, in a scaling sense) interactions between
excluded volume blobs on length scales larger than the
screening length.41

The distinct part of the coherent scattering function
decreases like (qê)-3-R for qê > 1 and the intermolecular
correlation function increases like (r/ê)R with 0.4 < R <
1. The value R ) 0, as proposed by Jannink and
co-workers,19 appears to be inconsistent with our simu-
lations. The numerical value of R in the simulations is
compatible with the renormalized RPA18,20,21 or P-
RISM17 prediction R ) 2/ν - 3 ) 0.4, though the data
are in better agreement with the value R ) 2/ν + ω12 -
3 ) 0.8, where ω12 ≈ 0.4 denotes the two molecule
corrections to scaling exponent. This law results from
the current implementation of the short distance expan-
sion within the renormalized theory. On distances larger
than the screening length ê the intramolecular correla-
tions are approximatively Gaussian and the intermo-
lecular pair correlation function depends on two length
scalessthe radius of gyration and screening length. A
simple scaling form (eq 5.4) has been compared to the
MC simulations. Further simulations and experiments
on ternary mixtures of two polymers in a common
solvent might contribute to understanding the inter-
molecular packing.

To close, we again turn to the intramolecular correla-
tions and consider possible sources of the discrepancies
among the RG theory and the simulation data. First,
we want to stress that this discrepancy in fact is not
very strong. The plots magnify the one-loop corrections.
Some deviations may arise from the uncertainty in the
parameters l̃ and z̃ required for mapping between the
MC model and the RG calculations. Moreover, since the
structure considered first occurs in one-loop order, it is
well conceivable that a higher order calculation will
change the theoretical result somewhat. We clearly
expect to find higher loop corrections to the amplitude
of the Goldstone singularity. However, there are also
corrections connected to the finite size of the simulation
volume. The ratio of the end-to-end distance of the
chains to the size of the box is on the order of Re/L ≈ 2,
and therefore standard finite size corrections could play
some role. More important is the fact that the simula-
tion treats a canonical ensemble of 100 chains of length
2048, whereas the theory evaluates a grand canonical
ensemble in the thermodynamic limit. In a finite size
system more directly related to the theory the number
of chains therefore should fluctuate by about (10.
Suppressing these fluctuations in a finite ensemble
certainly will have consequences for the scaling function,
which go beyond standard finite size effects. In this
context it is of interest to observe that the measured
radii of gyration at finite concentration definitely are
larger than the theoretical predictions (cf. Table 1). The
deviations are larger than expected from our experience
with the performance of the renormalized one-loop
approximation. Indeed, as shown in Figure 18.5 of ref
4, the few data on Rg

2(s) available from physical experi-
ments are quite consistent with the theoretical scaling
function. The deviations found in the present simula-

Figure 6. Real space dependence of the intermolecular correlations: (a) Intermolecular pair correlation function ginter(r) for
chain length N ) 2048 and F ) 0.0032 (L ) 400) and F ) 0.0122 (L ) 256). Open symbols correspond to the MC results, whereas
filled ones represent the RG calculations. (b) Scaling of ginter(r) at large distances r > ê. The values of the screening length in
units of the radius of gyration are indicated by arrows on the r axis. Symbols as in (a). (c) Scaling of ginter(r) at small distances
r < ê. ginter(r) does not attain a finite, constant value in the range b < r < ê. Symbols as in (a). (d) Power-law dependence of
ginter(r) at small distance. The data are compatible with a dependence of the form ginter(r) with exponent R ) 0.7(3). Symbols as
in (a).
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tions may indicate that the efficiency of screening is
reduced in the finite canonical ensemble, and support
the view that finite size effects cannot be ignored.
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Appendix A: Explicit One-Loop Results
We here collect previously established results for the

renormalization group mapping and the scaling func-
tions. These results extensively are discussed in a recent
publication,4 where it also has been shown that the
theory in the form presented here is well confirmed by
experiment.

1. Renormalization Group Mapping. As physical
scaling variables we use

where R̃0 ) l̃N1/2. The renormalization group maps these
variables onto renormalized counterparts f, NR, and qj2,
according to the equations (see ref 4, section 13.3)

where the exponents take the values

The constant ũ is defined as

and c0, n0, and q0
2 are theoretical parameters which fix

the crossover from dilute to semidilute systems (c0), from
Θ systems to excluded volume systems (n0), and from
small to large momenta (q0

2). In previous work we
adjusted these parameters to find good results for
certain universal ratios, which leads to the choice

Finally the functions

are numerical parametrizations of a Borel-resummed
form of a high-order calculation of the renormalization
group flow.

The coupling parameter f reaches the value f ) 1 in
the excluded volume limit. The weak coupling branch
0 < f < 1 interpolates among Θ conditions and excluded

volume conditions, and f > 1 is the strong coupling
branch. NR is the renormalized chain length, taking
values NR ) 1 or NR ) ∞ in the dilute (s̃ ) 0) or
semidilute (s̃ ) ∞) limits. Finally qj2 governs the cross-
over in momentum from the small momentum limit
(q2R̃0

2 ) 0; qj2 ) 0) to the limit of large momenta (q2 )
R̃0

2 f ∞, qj2 f q0
2). To evaluate the mapping, we solve

eqs A1 and A2 for NR or qj2, respectively, and we
substitute the results into eq A3 to find an implicit
equation for f ) f(z̃,s̃,q2R̃0

2). The physical scaling func-
tions take the form of power series in f, with coefficients
depending on NR and qj2.

2. Scaling Functions. The scaling functions have
been evaluated in the loop expansion to one-loop ap-
proximation. We first quote the results for the scaling
function of the density autocorrelations (ref 4, chapter
18)

We write Ja in the form

where

is the Debye function. The variable Q̂ is given as

where

The function Ma is determined by numerical evaluation
of some complicated integral.

Here

With Q ) qj2NR the variable K1 stands for

Ja(q
2R̃0

2,s̃,z̃) ) (1/N)S(q)

Ja ) D(Q̂) (A4)

D(x) ) (2/x2)(e-x - 1 + x) (A5)

Q̂ ) qj2NR[1 - u*f(1 + (1/2)NR
1/2Ma(qj

2NR,WR))] (A6)

WR ) c0(NR - n0 - (qj2/q0
2)NR) (A7)

Ma(Q,W) ) [xπ
2

QD′(Q)]-1∫0

∞
dy ×

y-1/2 [D(Q) - D(y)
Q - y (1 + 2

F(y)) - WD′(Q)
D(y)
F(y)

+

1- e-y

yF(y)
D(Q) + QH1(y,Q)] + (4π)3/2[QD′(Q)]-1 ×

∫ d3k
(2π)3

1
F(k2)

[H1(K1,k
2) + 2H2(k

2,K1,Q) -

WD(k2) H1(K1,Q)] (A8)

D′(y) ) (d/dy)D(y)

F(y) ) 1 + WD(y)

H1(y1,y2) ) 1
(y1 - y2)

2
[D(y1) - D(y2) - (y2 - y1)D′(y2)]

H2(y1,y2,y3) )
D(y1)

(y2 - y1)(y3 - y1)
+

D(y2)

(y3 - y2)(y1 - y2)
+

D(y3)

(y1 - y3)(y2 - y3)
(A9)

z̃ ) ṽN1/2, s̃ ) cpR̃0
3, q2R̃0

2

z̃ ) f|1 - f|-1/2νωHu(f) H-1/2(f) NR
1/2 (A1)

q2R̃0
2 ) |1 - f|(2-(1/ν))(1/ω)H-1(f) NRqj2 (A2)

ũs̃z̃ ) |1 - f|(1/ω)(3-(2/ν))Hu(f) ×
H-2(f) c0NR(1 - qj2

q0
2

-
n0

NR) (A3)

1
ω(3 - 2

ν) ) -0.502; 1
2νω

) 1.063; (2 - 1
ν)1ω ) 0.374

ũ ) (4π)3/2(u*/2) ) 8.107

n0 ) 0.53; c0 ) 1.2; q0
2 ) 50

Hu(f) ) (1 + 0.824f)0.25

H(f) ) 1 - 0.005f - 0.028f2 + 0.022f3
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A good parametrization of the numerical results for Ma
can be found in ref 4, section A 18.2.

We now turn to the scaling function for the total
structure factor

Jc can be written in RPA-like form

Ja has been given above. For Mc(q) we find (ref 4, section
A 19.1)

with

The function H takes the form

and the other ingredients have been defined above. A
good parametrization of Mc can be found in ref 4, section
A 19.2.

Appendix B: Short Distance Expansion
Basically, the argument in section IV which leads to

eq 4.19 is nothing but the short distance expansion (sde),
formulated directly for the polymer correlation func-
tions. In standard form this expansion is concerned with
products of operators in a field theory.37 Using zero-
component Landau-Ginzburg-Wilson field theory, the
prediction in eq 2.10 has been derived in ref 19. A
detailed exposition of the arguments of ref 19 is beyond
the scope of our paper. Here we just give a brief
discussion. The prediction in eq 2.10 is based on the sde
in the form (ref 19, eq 10)

where φ(R) is a local fluctuating field. As is well known,
the field theoretic approach is strictly equivalent to the
theory of binary polymer solutions as underlying the
present work. The operator φ2(R), in particular, directly
corresponds to the local monomer density F(r). We thus
apparently run into a contradiction among the direct
polymer formulation and the equivalent field theoretical
approach.

However, the analysis based on eq B1 misses some
subtle point. It is concerned with the correlations of the
total segment density, which, thus, in the semidilute
excluded volume limit behave as (ref 19, eq 12)

The segments contributing to H(q) are on different
chains, however, and a proper formulation needs the
extension of the theory to two different polymer species
(i.e., a ternary solution), so as to identify the two chains.
In field theory we need to introduce two different fields,
φ1(r) and φ2(r), representing the two species, and the
sde for H(q) has to respect the fact that this observable
involves both fields. Equation B1 is to be replaced by

The operator φ1
2(R) φ2

2(R) is of anomalous dimension
ω12, and under renormalization it does not couple to
other operators of the zero-component polymer field
theory. Starting from eq B3 also the field theoretic
formulation of the sde yields the prediction in eq 4.19
with R ) 2/ν - d - ω12. No terms of the type ln r or
r2/ν-d+ω show up. Using the explicit results for the
scaling function H(q) as given in ref 4 for all d e 4, we
have checked that the prediction in eq 4.19 is consistent
with the expansion in ε ) 4 - d, evaluated to one-loop
order.
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